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Abstract 

We prove that a certain sequence of tau functions of the Garnier system satisfies 
Toda equation. We construct a class of algebraic solutions of the system by the use 
of Toda equation; then show that the associated tau functions are expressed in terms 
of the universal character, which is a generalization of Schur polynomial attached to a 
pair of partitions. 



This article is based on the results in the author's Ph.D thesis |19| . 
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Introduction 



The Gamier system is the following completely integrable Hamiltonian system of partial 
differential equations (see [I1I21I11): 



dqi dHj dpi dHj 
dsj dpi ' dsj dqi 

with Hamiltonians 



it,j = l,...,N), (0.1a) 



Si{si - l)Hi = qi\ a 



+ 'i^P^ + /too + ^ qjPj^ + SiPi{qiPi - di 



^ RjiiqjPj - 0j)qiPj - SijiqiPi - Bi)qjPi 

^ RijqjPjiqiPi -Oi) RijqiPiiqjPj - 9j) 

■{si + l){qiPi - 9i)qiPi + {KiSi + kq - l)qiPi, (0.1b) 



where Rij = Si{sj - l)/{sj - Si), Sij = Si{si - l)/{si - Sj) and 



a = --{ Ko + Ki + K^ + y Ji-l ] . (0.2) 

Here the symbols Yli ^^"^ stand for the summation over i = 1, . . . ,N and over 

i = 1, . . . ,j — + 1, . . . ,N, respectively. System ()().1|1 contains + 3 constant parameters 

= {ko, «:oo, Oi,..., On) G C^+^ (0.3) 

so that we often denote it by TIn = 'Hn{i^) = 'HN{q,P, s, H; k), and so on. The Garnier 
system governs the monodromy preserving deformation of a Fuchsian differential equation 
with + 3 singularities and is an extension of the sixth Painleve equation Pyi, for = 1, 
(jO.lj) is equivalent to the Hamiltonian system of Pyi (see [IHI), in fact. 

In this paper, we prove that a certain sequence of r-functions of the Garnier system 
satisfies Toda equation. We construct a class of algebraic solutions of the system by using 
Toda equation; then show that the corresponding r-functions are expressed in terms of the 
universal character, which is a generalization of Schur polynomial attached to a pair of 
partitions. 

First we introduce a group of birational canonical transformations of the Garnier system 
TYat. The group forms an infinite group which contains a translation Z; see Sect. ^ We 
define a function r = r(s; k), called the r-function (see |21lll), by 

d\ogT = Y,H^ds,. (0.4) 

i 

By the use of birational symmetries of 7i at, we have the 



2 



Theorem 0.1. A certain sequence of r-functions {r„|r2 G Z} satisfies the Toda equation: 



XY\ogT^ = cJ^^^^, (0.5) 

' n 



where X, Y being vector fields such that [X^Y] = and Cn a nonzero constant. 



(See Theorem 12.21 ) 

Consider the fixed point of a certain birational symmetry, we obtain an algebraic solution 
of the Garnier system. For example, if kq = ki = 1/2, then admits an algebraic solution 

{g^,P^)=(^-^,,^], ^ = l,...,N. (0.6) 



Applying the action of the group of birational symmetries, we thus have the 

Theorem 0.2. // two components of the parameter k = {kq, ki, Koo,6i, . . . ,6]\f) are half 
integers then the Garnier system Ti^ admits an algebraic solution. 

(See Theorem 13.11 ) 

Secondly we investigate the r-functions associated with algebraic solutions of the Garnier 
system. Starting from the r-function corresponding to an algebraic solution, we determine 
a sequence of r-functions by means of Toda equation. Such a sequence of r-functions is 
converted to polynomials Tm,n = Tm,n{t) {m,n G Z) through a certain normalization, where 
t = {ti, . . . yt^) and ti = ^/Si. We call Tm^n special polynomials associated with algebraic 
solutions of T^Tv (see Sect.EJ. Algebraic solutions are explicitly written in terms of the special 
polynomials. 

Theorem 0.3. // kq = 1/2 + m + n, Ki = 1/2 + m — n {m,n G Z), then Hn admits an 
algebraic solution given by 



J2t~\og'^^-2m + 2n-l (0.7) 

Uij -ijn,n+l 

2qiPi = 6i + m + n + ti— log . 

Ctj 1 m,n+l 

(See Theorem 13.31 ) Note that we immediately obtain also the expressions of the other 
algebraic solutions in Theorem 10.21 via the birational symmetries of Tijy. Finally we give 
an explicit formula for Tm,n in terms of the universal character (see [71 CSl), which is a 
generalization of Schur polynomial. 

Theorem 0.4. The special polynomials Tm^n{t) {m,n G Z) is expressed as follows: 

f,]{x,y). (0.8) 
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Here S[x,n]{x, y) = S[x^^]{xi, X2, ■ ■ ■ , yi, y2, ■ ■ •) denotes the universal character attached to a 
pair of partitions 



\ = {u,u-l,...,2,l), fi={v,v-l,...,2,l), (0.9) 

with u = \n — m — 1/2| — 1/2, v = \n + m — 1/2| — 1/2; A^m,n is a certain normalization 
factor, and 

Xn= ~''^^^'^'^\ y^ = ^^^^^±^l^. (0.10) 
n n 

(See Theorem 13.51 and also Corollary 13.61 ) Recall that the universal character is the ir- 
reducible character of a rational representation of GL{n), while Schur polynomial that of 
a polynomial representation; see [7j. Hence Theorem 10.41 shows us a relationship between 
the representation theory of GL{n) and the Garnier system, or the theory of monodromy 
preserving deformation. 

We propose in an infinite dimensional integrable system characterized by the univer- 
sal characters, called the UC hierarchy; and regard it as an extension of the KP hierarchy. 
Since all the universal characters are solutions of the UC hierarchy, it would be an interest- 
ing problem to construct a certain reduction procedure from the hierarchy to the Garnier 
system; cf. 



In Sect, n we present a group of birational canonical transformations of the Garnier 
system TCn- In Sect. |21 we prove that a certain sequence of r-functions satisfies Toda 
equation. In Sect. El we construct a class of algebraic solutions of Hn by using Toda 
equation; then show that the associated r-functions are explicitly written in terms of the 
universal characters. Sect. ID is devoted to the verification of Theorem 13.51 

1 Birational symmetry 

First we introduce a group of birational canonical transformations of the Garnier system 
T-Cn{k,)', then see that it forms an infinite group which contains a translation Z. 

It is known that Ti^ has a symmetry which is isomorphic to the symmetric group. 

Theorem 1.1 (see |21EI)- The Garnier system T-Ci<^{k,) has birational canonical transforma- 
tions 

am ■■ {q,p,s,fi) ^ {Q,P,S,am{K)), 1 < m < N + 2, 
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given in the following table: 



rx 

O-m 






p. 




0-J71 

(m < A^) 


0m '^O 


_ Sm{l - Qs) 


-fj Rim 1 Pi Pm 1 ; 

V / 

Pm (Sm l)Pm 


Q Sj 
Sm J- 




Ki ^ Kq 


Q. = ^ 

Si 




Si 


O'N+2 


K\ /too 




P^ = (91 - 1) 

X (^p^-a- J2^jP^ 




91 - 1 


Si - 1 



Theorem 11.11 is verified by considering a permutation among + 3 singularities of tlie 
associated linear differential equation; see |21EI- Combine the above ©Ar+3-symmetry with 
the fact that Hamiltonians Hi (see ()0.1b|) ) are invariant under the action 

we obtain also the following birational transformations. 

Theorem 1.2. The Gamier system 7iN{i^) has the birational canonical transformations 

Ra ■■ 7^Jv(/^) ^ ^jv(^a(^)). 
Here the birational transformations Ra '■ {(l,p) ^ {Q,P) O'f^ described as follows: 



Ra 


action on k 


Q^ 


p^ 


Rki 

Rkq 

Rf) 




Qi = Qi 
Qi = qi 

Qi = Qi 

Qi = Qi 


Pi = Pi 

Pi = pi , 

91 

Pi = Pi 7 T 

Si{9s - 1) 
Pj = Pj - J' Pi= Pi ^ j) 



We now introduce another birational transformation of T-Cn{k,) which seems to be more 
nontrivial than the previous ones. 

Theorem 1.3. The Gamier system T-Cn{k,) has the birational canonical transformation 

Rr : nN{q,P,s,H;K) Un{Q,P,s,H; Rrif^)), 
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where Rr{K) = {—kq + 1, —ki + 1, —k^o, —Oi, • • • , —6n) o^nd 



= ^ - ^'^ ^, (l.la) 



QiPi = -QiPi, (1.1b) 
= H,-^-^. (1.1c) 

Si 

Let G be a group of birational canonical transformations of 1-Ln{k) defined by 

6-= (ai,... , 0"Af+2, Rko, Rki, Rkoo^ ^Oi, ■ ■ ■ , Re^, Rt)- (1-2) 

We see that G forms an infinite group which contains Z. For instance, let 

I = R^,^ o R^ o Rg^o ■ ■ ■ o Rq^ o R^^ o R^^ e G, 
then / acts on the parameter as its translation: 

/(/5) = «:+(l,-l,0,0,...,0), 

thus {/"} ~ Z C G. 

Remark 1.4. Group G might not fill all the birational symmetries of T^at. U 6i = {i ^ 1), 
then admits a particular solution written in terms of solutions of the sixth Painleve 
equation Pyi; see [HI Theorem 6.1]. However group G with the restriction to 9i = {i 1) 
does not form the affine Weyl group of type D^^ , which is the group of birational symmetries 
for Pyi ; see [12] . So the author suspects that there would exist another hidden symmetry of 
Hn- Anyway, it is an important problem to determine the group of all birational symmetries 
of the Garnier system TC^- 

Proof of Theorem \1.3l First we shall verify that the transformation R^- is a canonical trans- 
formation of Hamiltonian system Tijvi that is, 

J2 (dPi A dqi - dHi A dsi) = ^ (dPi A dQi - dHi A ds^) . (1.3) 

i i 

From ()l.lb|) . we have 

PidQi + QidPi = -pidqi - qidpi. (1.4) 
Consider the logarithmic derivative of ()l.la|l . we have 

dQi Ifi _^ ^ _^ Pi^^i + ^i^Pi 



Qi Si Pi QiPi - 9i 



+ Edto)- (1-5) 
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By taking the wedge product of ()1.4p and ()1.5|) . we obtain 
dPi^dQi = dpi A dqi - d (^j A dsi 



+ I — + — \ 7^^^ I d(giPi) A V d{qjpj); 



hence 



^ dP, AdQi = Y^ ^Vi Adqi-Y^d A ds,. (1.6) 

i i i ^ * ' 

On the other hand, it follows from (jl.lcp that 

dHi A dsi = dHi A dsi - d (^^^ A dsi. (1.7) 

Combining ()1.6p and ()1.7p . we get p.3|) . 
Secondly we shall prove that 

Hi = Hi{Q,P,s,Rr{K)). (1.8) 
Notice that Sj^jj = Sji?jj. By using (jl.laj) and ()l.lb|) we have the formulae: 

Qi ^-a + ^ QjPj^ - «^oo + ^ QjPj^ = SiPiiqiPi - Oi), (1.9a) 

SiPi{QiPi + 6'i) = + ^ QjP^ + Koo + ^ g^Pi^ , (1.9b) 

^ RjiiQjPj + 9j)QiPj = ^ ^^^(giPi - 6'j)gjPi, (1.9c) 

Recall the definition of Hamiltonian Hi; see fl0.1b|l . Then we verify p.8|l by p.9|l immediately. 
The proof is now complete. ■ 

2 Toda equation 

In this section we show that a certain sequence of r-functions satisfies the Toda equation. 

Since the 1-form u = Ej Hidsi is closed, we can define, up to multiplicative constants, a 
function r = r(s; k.) called the t -function by (see |21ll]) 

dlog T = Y,Hidsi. (2.1) 



7 



Let / be a birational canonical transformation of TH-n defined by 

l = R^,oR,oRe^o...oRe^o R^^ o (2.2) 
then / acts on the parameter k = (kq, ki, Kqo, 6^1, ... , 6'Ar) as its translation: 

1{k) = k + (1,-1, 0,0,..., 0). 
Let (gj(s), pj(s), i/i(s)) be a solution of the Garnier system Hn{i^) and set 



(g+,p+,i/+) = (%),/(p.),/(i/.)), 
(g-,p-,ifr) = (/-i(g,),ri(p,),/-i(i7,)), 



(2.3) 



then we have the 



Proposition 2.1. The triple of Hamiltonians {H^{s), Hi{s), (s)) satisfies the differential 
equation: 

Ht -2H, + H- = -^ log F{s), (2.4) 
F{s) = I ~ " M I] ^^'^^^ ~ ^^^^ ~ ~ ^) + + '^~)- ^2.5) 

\ j ^ / k 

One can prove the proposition by straightforward computations, via the birational trans- 
formations given in Sect. HJ see (TH], for details. 
Let = 1^\t), then we rewrite ()2.4|) into 

^(si- 1)^-1^ Sj{sj - l)-^^\ogT- ki{ko-1) + a{a + Koo) = c^—^, (2.6) 

where c is a nonzero constant. Consider the change of variables Sj = Ci/i^i ~ 1) and the 
differential operators: 

then we have 



(2i 



Note that 

[A, B]= AB - BA = -B. (2.9) 

Let 

^ = A^^^, (2.10) 
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where A denotes the difference product of (^1,1^25 • • • ,^n), i-^-, 



i>j 



1 1 

^1 6 



SI S2 



1 



SAT 



Since 



we have 



Aijj = iIj, B%1) = 0. 

Introduce the vector fields 

X = ^{A-B), Y = ^A. 
One can easily verify that [X, y] = 0, 

XY = ^'^{A- B + l)A, 

and 

XY\ogi) = ^jj^. 

by using and dTTTl) . 

Let us consider the sequence of r-functions {r„|n G Z} defined by 

with 

a„ = — (ki — n)(Ko + ^ — 1) + «(« + Koo). 
Substitute ()2.15|) into ()2.6|) . by virtue of ()2.13|) and ()2.14|) . we now arrive at the 

Theorem 2.2. T/ie sequence {r„|n G Z} satisfies the Toda equation: 



XY log Tn = Cr, 



where X , Y being vector fields such that [X^Y] = and Cn a nonzero constant. 



(2.11) 
(2.12) 

(2.13) 
(2.14) 



(2.15) 
(2.16) 



(2.17) 



Remark 2.3. A sequence of r-functions corresponding to other translations also satisfies the 
Toda equation. For instance, let us consider the birational transformation / defined by 



1 = R^^olo R^^, 
which acts on the parameter Kj clS its translation: 

T{k) = (1,1,0,0,...,0). 



(2.18) 
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It is easy to see that 

R.,ir) = rl[{s,~ir''^'\ (2.19) 

i 

Combine this with ()2.(i|l . we obtain 

E I- - l) (E - 1)^) + a(a + = (2.20) 
Also (|2.2Uj) is equivalent to the Toda equation via a similar change of variables as above. 

3 Algebraic solutions in terms of universal characters 

In this section we construct a class of algebraic solutions of the Garnier system and then 
express it in terms of the universal characters. 

3.1 Algebraic solutions 

Consider the birational canonical transformation 

Wo = RrO Re^o ■ ■ ■ o Rf)^ o R^^^ (3.1) 

given as follows: 

Wq : HN{q,p\ /«) nN{Q,P;wo{K)), 
where Wo{k) = (— + 1, —f^i + 1, f^oo, ^i, ■ ■ ■ , ^n) and 

r, _ s.PijqiPi - 9i) 

(a + Ei QjPj) [a + Koo + QjPj) 
QiP, = -qiP^ + Oi. (3.2b) 

If Ko = = 1/2, the fixed point with respect to the action of wq is 

(%P.)= f^,^), ^ = 1,...,N. (3.3) 



This is an algebraic solution of Hn- Applying the birational symmetries G (see Sect. [TJ to 
()3.3p . we obtain a class of algebraic solutions. 

Theorem 3.1. If two components of the parameter k, = {kq, ki, k,oo,0i, ■ ■ ■ ,0n) c^re half 
integers theuTip^ admits an algebraic solution. 
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3.2 Special polynomials 

Substituting the algebraic solution, into Hamiltonians (see (jO.lbjl ). we have 

Siis, - l)H, = -]-t,^e,^, + -Ms, -l) + \y] e.fi, ^ff.^ ^ ; (3.4) 

and then the corresponding r-function is given as follows: 

ro,o = \{s.'^^''-'^'\^. + lt^^^'-^--^'\^.^^^^^ (3.5) 



Let us consider the birational transformations I and /, defined respectively by (j2.2j) and 
()2.18p . which act on the parameter R as its translations: 



(3.6) 



/^;/5) = /« + (i,-i,o,o,...,o), 

= K+ (1, 1,0,0,. ..,0). 
Introduce a family of r-functions Tm,n {rn, n G Z) defined by 

rr(ro,o) = Tm,n. (3.7) 

Let 

= tl (3.8) 

then ()3.5p is rewritten as 

ro,o = \{tT'^'^''-'^'\u + l)^'e^^^+'^-)/2(t, - ifdY.,e,-.^)/2 "Q^^^ ^ t .)-e»^./2. (3.9^) 

Applying the action of / and /, we see that 

^0,1 = Wt^'-Tofi, (3.9b) 



^1,0 



'^1,1 



\{t^'\U + itiU - If^ {^e^t^ - ro,o, (3.9c) 

\{tf'^{U + itiU - l)'^ (^00 - E^i^7') ^0,0. (3.9d) 

The r-functions, n (m, n G Z), are determined successively by the use of the Toda equa- 
tions ()2.6|) and ()2.20p . from the above initial values ()3.9|) . 

Now let us define the functions, Tm,n = Tm,n(t) {m,n G Z), by 

i ^ 

xiU - i)-^'(T.,e,-.^+2m)/2]Y[{U + tjY^^^/^. (3.10) 
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Substituting ()3.1U|) into ()2.6p and ()2.2Up with c = 1/4, we thus obtain the recurrence relations 

for Tm,n- 

Proposition 3.2. The function Tm,n = Tm,n{t) {m,n G Z) satisfies the following recurrence 
relations: 

+«:oo$:^^^ - ^E^^^.-^ -^lo + i2mA^, (3.11a) 

= n'.{(E^|--2)E'<('?-i)|-'°g^- 

Here the initial values are given as follows: 

Tofl = Tq i = 1, Ti = ^jtj — Koo; ^1,1 = I ~ ^-^^i ^ I ■ (3.12) 

i i \ j / 

We call Tm,n(t) special polynomials associated with algebraic solutions of Hn- By the 
above recurrence relations ()3.1H1 . we can only state that Tm,n{t) are rational functions in 
t = (ti, . . . , tAr). We will show that Tm,n(t) are indeed polynomials; see Theorem 13.51 and 
Corollary 13.61 below. Note that 

T_^,„(t) = T^,i_„(t) = (-1)'"('"-^) n^^'^"^"~'^^™'«(^"')' (3.13) 

i 

which is verified easily by the recurrence relations and initial values. Algebraic solutions of 
Hn are explicitly written in terms of the special polynomials Tm,nit). 

Theorem 3.3. // kq = 1/2 + m + n, ki = 1/2 + m — n {m,n G Z), then admits an 
algebraic solution given as follows: 

, 9 Tm+l,n 
ti —— l0£ 



^t,^logp^-2m + 2n-l 

ULj 



2g,p, = ^, + m + n + t,^log-?^. (3.14b) 
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Proof. By using the birational canonical transformations I and /, we have 

1{H,) = H,-^, (3.15) 

Si 

m) = H,--(q,p,-^]+-^, (3.16) 



Si \ gi-lj Si - I' 

where gi = J2j 1j- then obtain the relation between r-functions and canonical variables: 



d - 1{t) OiSi 
Sj— log- 



dsi l{r) Si - 1 /Q 17 N 

Qi = 7 X , (3.17a) 



3 



dsj 1{t) Sj - 1 



- 1^1 



d T 

QiPi = Si— log— -. (3.17b) 

dsi 1{t) 

Here recall the definition of r-function, d/dsi logr = Hi. Substitute ()3.10p into ()3.17p with 
Si = tf, we get dSm). ■ 

3.3 Universal characters 

To investigate the special polynomial Tm,n in detail, we have to recall the definition of the uni- 
versal characters; see [Zllini- For each pair of partitions [A, /i] = [(Ai, A2, . . . , A;), (/ii, /i2, • • • , fJ^i')], 
the universal character S[x,^j.]{x, y) is a polynomial in (a;, y) = {xi,X2, . . . , yi, y2, ■ ■ •) defined 
as follows: 

S,,,K^..) = detf'-«-7<f- . (3.18) 

\ px. „_,+,(x), I' + 1 < I < I + I' I 

\ ^^^-i' '-t-Jv ^' — — / l<i,j<l+l' 

Here p„(x) is determined by the generating function: 

00 CO 

Y,Vn{x)z- = e«(^'^), ax,z) = Y,^nz\ (3.19) 

n=0 n=l 

and set p_n(a^) = for n > 0; qniy) is the same as p„(x) except replacing x with y. Note 
that Pn{,x) is explicitly written as follows: 

E ^t^^- (3-20) 

fci+2A;2H Y-nkn=n 

If we count the degree of each variable x„ and y„ (n = 1, 2, . . .) as 

deg Xn = n and deg yn = —n, 
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then the universal character Six^^]{x,y) is a weighted homogeneous polynomial of degree 
|A| — where we let |A| = Ai + ■ ■ ■ + A;. Note that the Schur polynomial S\{x) (see e.g. 
jHj) is regarded as a special case of the universal character: 

Sxix) = det (px^-i+jix)) = S[xfi]{x,y). 

Example 3.4. When A = (2, 1), /i = (1), the universal character is given as follows: 



qi Qo q-1 

Pl P2 P3 
P-l Po Pl 



Xi \ 2 

Z/i 1 y - 2:3 ) 



which is a weighted homogeneous polynomial of degree |A| — = 2. 

The special polynomial Tm.„(t) can be written in terms of the universal character. 
Theorem 3.5. The special polynomial Tm,n(t) (m, n E Z) is expressed as follows: 

Tm,n(t) = Nm,nS[X, ^]{x,y). (3.21) 

Here A = (m, -u — 1, . . . , 2, 1), /i = (t>, t> — 1, . . . , 2, 1) with u = \n — m — 1/2| — 1/2, v = 
\n + m — 1/2| — 1/2; and 



Xr, 



n 



Vn 



n 



(3.22) 



The normalization factor Nm,n is given by 



m,n 



N u 



]-[,^(.+i)/2-Q(2j-l)!!n(2A:-l)! 

i=\ 3=1 



(3.23) 



k=\ 



Consequently we have the 



Corollary 3.6. The special polynomial Tm,n{t) is indeed a polynomial of degree m'^+n{n — l); 
furthermore Tm,n{t) e Z[koo,6i, ■ ■ ■ , 6N][t]. 

The proof of Theorem 13.51 is given in Sect. |3] 

We show in Figure 1 below how the special polynomials Tm,n{t) are arranged on {m,n)- 
lattice. We also give some examples of T^^nif) of small degrees in the case = 1. 
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F,0 



(0,1) , (1,1) 



p _ 0, 



(0,0) , (1,0) 



Figure 1 Special polynomials Tm,„(t). 
The special polynomials Tm,n{t) ioi N = 1 follows: 

^0,0 = ^0,1 = 1, ^1,0 = ^-1,1 = —I'^oo + Qt, Ti^i = T^ifi = 

To,2 = To,_l =Kooe + t- Kl^t - eh + Koo^t', 



Remark 3.7. Under the specialization (j3.22j) . we let p„(x) = Pn{t). Then the generating 
function ()3.19|1 is rewritten as follows: 



J2 Pn{t)z- = (1 - - Uz)-'\ 



(3.24) 



n=0 
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Hence Pn{t) has the following expression: 

Pn{t) = -t^F^l-n, e,,...,eM,K^-n + l;t), (3.25) 

where Fjj denotes the Lauricella hypergeometric series and (a)„ = a(a+l)(a+2) ■ ■ ■ (a+n—l); 
see e.g. 0111113. 

Remark 3.8. If = 1, Tm.n{t) is equivalent to the Umemura polynomial of Pyi, for which 
Masuda considered its explicit formula in terms of universal characters; see pUl [TT| . We 
refer also to the results [H] and J7] , where a class of rational solutions of Py and that of the 
(higher order) Painleve equation of type ^2g+i (S' > 1) are obtained in terms of universal 
characters. 

Remark 3.9. Several other classes of solutions of the Garnier system have been studied. In 
a family of rational solutions was obtained by the use of Schur polynomials. In jHj, 
solutions in terms of hyperelliptic theta functions were considered from the viewpoint of 
algebraic geometry. 



4 Proof of Theorem 13.5 

4.1 A generalization of Jacobi's identity 

First we prepare an identity for determinants, which is regarded as a generalization of Jacobi's 
identity. Let A = {aij)i_j be an n x n matrix and C,j = C,j{A) its minor determinant with 
respect to rows / = {ii, . . . , v} and columns J = {ji, . . . , >}• For two disjoint sets I, J G 
{1, . . . , n}, we define e(/; J) by 

e(/; J) = (-l)'(^^^), /(/; J) = # {(z, j) G / x J | z > j} . (4.1) 

Theorem 4.1. Let I = {l,2,...,r2} and A = {aij)ij^i. The following quadratic relation 
among minor determinants of A holds: 

Ki,K2(Zl; 
ii-in(/-Ji-J2)=0; 

/f2n(/-Ji-J2)=0 
where \.Ji\ = \Ki\ = ri and | J2I = \K2\ = r2. 

Let ri = r2 = 1, Ji = {1} and J2 = {n}, then ()4.2j) recovers Jacobi's identity (see [H|): 

Sl---nS2---n-l ~ S2---nSl---n-l ~ S2---n Sl-.-n-l) 
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in fact. 

Proof of Theorem \4 . 1\ Without loss of generality, we can set Ji = {1,2, . . . ,ri} and J2 = 
{n— r2+l, . . . , n— 1, n}. Let / = {1, 2, . . . , 2n— ri— r2}. Consider a (2n— ri— x (2n— ri— 
matrix B = {hij)^-^j given as follows: 



(4.4) 



(i) 


hj 


— aij 


for 




(ii) 


K 




for 


lel, J el\l; 


(iii) 


hj 




for 


iel\l, J eJi; 


(iv) 


hj 


= 


for 


^eI\I, jel\J, 


(v) 


bij 


(^i—n+ri,j—n+r 


^ for 


tel\l, jel\l, 



i.e., write A as 





' An 


A12 


An ' 


A = 


A21 


A22 


A23 




_ Asi 


A32 


A33 _ 



then B is written as 



B 



' A,, 


A12 


^13 


A12 


A21 


A22 


A23 


A22 


A31 


A32 


A33 


A32 


_ A21 








A22 



Apply the Laplace expansion with respect to rows / and rows / \ /, we obtain 

detS = &':S:£. (4.5) 

On the other hand, by the Laplace expansion with respect to columns I \ Ji and columns 
(/ \ /) U Ji, we have 

e(Ki;ir2)e;:?e;:S^. (4.6) 



detS 



E 



Ki,K2Cr, 

Kin{i-Ji-J2)= 
A-2n(/-Ji-J2)= 



Thus we verify ()4.2|) . 



4.2 Vertex operators 

Introduce the vertex operators Vm{k; x,y) {m G Z) defined by (see [T^ ^ 



(4.7) 



where stands for |gf^, laf^' • • • ) ^(^' ^) ~ Xl^i ^nk^- Define the differential 
operators X„ and Yn {n G Z) by 



^W = E„ez^n^" = K(fc;a:,2/), 
m=Enez^nA:-" = l^i(A;-^y,x) 



(4. 
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We have the following lemmas; see |16j . 

Lemma 4.2. The operators X„ and Yn {n G Z) are raising operators for the universal 
characters in the sense that 

S[xA^,y) = Xx, ■ ■■Xx.Y,, ■ ■ -y^, ■ 1. (4.9) 

Lemma 4.3. The following relations hold: 

XmXn + = 0, 

F^y„ + = 0, (4.10) 

[Xm, Yn\ = 0, 

for m,n & Tj. In particular X„X„_|_i = YnY^+i = 0. 

4.3 Proof of Theorem [33] 

Introduce the Euler operator 



and operators given as follows: 

Note that E, L+, and L~ are homogeneous operators of degrees 0, 2, and —2, respectively. 
Consider the change of the variables 

a:.= ~^°° + ^-^''\ y„= ~^- + ^'^-'-"" , (4.14) 
n n 

and 

T;„,.(x,y) = {-ir^^^'^/']ltr^^^'^^'T^,^{t), (4.15) 

i 

where m = |n — m — 1/2| — 1/2, f = |n + m — 1/2| — 1/2. Substitute this into (jH.llll . we have 
the recurrence relations for „(x, y): 

= I (^L- + E - ^ - 2^ - E - logf„,„ - xwi + (2m)2| f^/, (4.16a) 

Tm,n+1 Tm,n—1 

= I (^L- + ^ - ^ - 2^ - E - logT^,, - xwi + (2n - 1)'| f„,.^ (4.16b) 
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where the initial values are given by 

Tofl = To^i = 1, Tifi = xi, Ti,i = yi. (4.17) 

Note that we have 

T_rn,n{x, v) = Tm,l-n{x, y) = Tm,n{y, x) , (4.18) 

from (imil . 

Theorem 13.51 follows immediately from the 

Proposition 4.4. Let 

U V 

fm,n{^,y) = l[{2j - 1)!! l[{2k - 1)!! %^](x,y), (4.19) 
j=i k=i 

where A = (m, m — 1, . . . , 2, 1) and /i = (f , f — 1, . . . , 2, 1), then Tm,n{x, y) satisfies ()4.1(i|l and 
(gUD. 

We prepare some lemmas to verify Proposition 14.41 
Lemma 4.5. The following commutation relations hold for n ^J^: 

.-|^)a-„, (4.20) 









\ = -(n + 


^) 




( 3 






_ 

— — 2 "-+2 




[Yn, X2] 


_ V 





(4-21) 



(4.22) 
(4.23) 



Proof. Notice that for any operators A and B, 



e^Be-^ = e^^^'^B = B + [A,B] + ^[A, [A, B]] + ■ 



where a.d{A){B) = [A,B]. We have 

[e(x - dy, fc), L+] = - V ((m + 2)x„+2 - j A;^ 



so that 



^^({.-dy,k)^ L+] = - y i (m + 2)a;„+2 - 7^ > fe'^e^^""^-"). (4.24) 
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On the other hand, we have 



m=l 



then 



[e-(--), LI ^ |- - + ^ - E } e-^--). (4.25) 



Noticing 



(vyi 1 \ ^ / T-yi 1 



m=l ^ ' m=l 

from (jOH) and (jO^ . we obtain 

^ k 9 



Take the coefficient of fc", we verify ()4.20p . 
We have 



9 



-m-2 



-2 



OO r^ 

m -9 



m+2 



SO that 










OO 


[e-C{9y,fc)^2,+] 


= E^ 




m=l 


Thus we obtain 





- + ( -too + y^Ji-Wk ^ + y^ [mym - 7^ ) k 



-m-2 



(9?/ 

9 



fc) 



" dk 



20 



whose coefficient of k yields fl4.21|) . 

By [—C,{dx, k~^),X2] = we have 

therefore 

[X{k),X2] = -^X{k), [Y{k), X2] = -^Y{k). (4.28) 
Take the coefficients of k^ and k~"', we obtain ()4.22|) and ()4.23p respectively. ■ 

Lemma 4.6. For integers u,v >0, the following formulae hold: 

L^S[u\,v\]ix,y) = i^u + l)S[(^u+2,u~i,...,i),v\]ix,y) - {2u + l)x2S[u\,v\]ix,y), (4.29) 
L~Siu\,v\]ix,y) = (2f + l)Siu\,{v+2,v-i,...,i)]ix,y) - {2v + l)y2Siu\,v\]ix,y), (4.30) 

S[u\,{v+2,v-l,...,l)]{x,y) = {2u+ l)S[(^u+2,u-l,...,l),{v+2,v-l,...,l)]{x,y) 

-(2m + l)x25'[^,!,(„+2,,;-i,...,i)] {x, y) 



V — U — Kr 



+ (4-31) 



L S[(u+2,u-l,...,l),v\]{x,y) = {2v + l)S[(u+2,u-l,...,l),{v+2,v-l,...,l)]{x,y) 

-{2v + l)y2S[{u+2,u~i,...,i),v\] {x, y) 



u — V — 



S[u\,vi]ix,y). (4.32) 



Here u\ = {u, u — 1, . . . , 2, 1) . 

Proof. First we shall show that 

L^S[u\,$]ix,y) = (2m+ l)5'[(„+2,n-i,...,i),0](a;,2/) - (2m + l)x25'[„!,0](x,?/), (4.33) 

by induction. Using S[(Dfi]{x,y) = 1 and S'[(2),0] (x, y) = x'l/2 + X2, it is easy to verify for u = 0. 
Assume that ()4.33|) is true for m — 1. Applying X„, we have 

X„L+5'[(„_i)!,0](x,?/) = L+S'[„!,0](x,y) + [X„,L+]S'[(„_i)!,0](x,y) 

= + 2x2)Siu\fi]{x,y) - (u + ^jS[(u+2,u-i,...,i)fi]i^,y), 



and 



Xu ((2m- l)5'[(„+i,„_2,...,i),0](a;,y) - (2m- l)x2S[(u-iy.,ii)]{x,y)) 

= -(2m - l)x2S'[„!,0](x,y) + i(2M - l)S'[„!,0](x,y), 
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by using the commutation relations ()4.20|) and the property X^X^^i = 0. Then, by the as- 
sumption, we have the desired equation ()4.H3j) immediately. Applying Y^Y^^i ■ ■ • Fi to ()4.H3|1 
we obtain ()4.29j) . Here we recall the commutation relations ()4.2H1 . ()4.23j) . and YkYk+i = 0. 

Since L~ is the same as L"*" except exchanging x with y, we verify ()4.30|) immediately. 

Notice that S[u\,v\]{x,y) does not depend on y2n {n = 1,2, . . .). Applying to ()4.29p . 
we have 



Yv+-iL'^ S\u\,v\]{'X,y) = L'^ S[u\,{v+3,v,...,i)]{x 



,y)+ + ^ - ^ioo + J2 o}j S 



and 



{{2u + l)Si(^u+2,u-i,...,i),v\]ix,y) - {2u + l)x2S[u\,v^ix,y)) 

= (2m + l)S[(^u+2,u~l,...,l),iv+3,v,...,l)]{x,y) - (2m + l)x2S[u\,iv+3,v,...,l)]{x,y) 



+ (^M + - J S[u\,{v+iy.]{x,y). 
Thus we verify ()4.3H) . Similarly ()4.32|) also holds. 



Proof of Proposition "J^ For the sake of simplicity, we use the following notations: 

•S" = S[u\,v\]{x,y), 

= S[(^u+2,u-i,...,i),v]]ix,y), 
= S[u\,{v+2,v-i,...,i)]{x,y), 

= S[(u+2,u-l,...,l),{v+2,v-l,...,l)]{x,y). 



(4.34) 



We have 



L- + E-yi-2^ {l^-E-^^ logs) 

-{L- + E-ypjS-(L+-E-^]S 



.2{L+-E-^]S-S. 



(4.35) 



Since S[x^^]{x, y) is a weighted homogeneous polynomial of degree |A| — the Euler operator 
E acts on it as 

ES[x^^]{x,y) = (|A| - \f^\)S[x,^,]{x,y). (4.36) 
Then by Lemma (4.61 we have 

((i^- + - f - 2) (l+ - E - 1) logs - xm^ 

= (2m + 1)(2m + 1)S+-S - (2m + 1)(2m + 1)S+S- - (m - v^S"^. (4.37) 
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Now let us substitute ()4.19|) into the recurrence relations ()4.16|) . By virtue of ()4.18p . it is 
enough to consider the cases (I) n — m — 1/2 > 0, n + m — 1/2 > 0; and (II) n — m — 1/2 < 0, 
n + m - 1/2 > 0. 

First we deal with the case (I), that is, m = {v — u)/2, n = {u + v + 2)/2. Substitute 
()4.19|) into the both sides of ()4.16p . we have 

LHS of (I4.1(ia|) = -{2u + l){2v + l)C„,^S'[(„+i)!,(^_i)!] ■ 5'[(„_i)!,(^+i)!], 

RHSofdHEiD = {2u + l){2v + l)Cu,v{S^' S - S+S'), 

and 

LHS of (I4.16bll = -{2u + l){2v + l)C„,„5'[(„+i)!,(^„+i)!] ■ 

RHS of (j4l6b)) = {2u + l){2v + l)C^AS+-S - S+S- + S^), 

respectively. Here we put Cu,v = (^nj=i(2j — 1)" 111=1(2^ ~ • Thus it is sufficient to 



prove 



'S'[(.u+i)!,(^-i)!] • S[(^u-iy.,{v+iy.] — S"^ S — S'^S , 

C C-\ — C C+ I C2 



(4.38) 
(4.39) 



—Si(u+iy,{v+iy.] ■ ^iiu-iy,{v-iy.] 

By using Lemma (4. 71 below, we immediately verify ()4.38j) and ()4.39|1 . 

The verification for the case (II) is the same. ■ 

Lemma 4.7. The following formulae hold: 

S[{u+iy,{v+iy.] ■ S[(^u-iy,{v-iy.] — 'S'[(„+i)!,(^t,_i)!] ■ S[(^u~iy,{v+iy.] + 'S'[„!,^!]^ = 0, (4.40) 

Sl{u+iy.,{v-iy.] ■ 'S'[(^i_i)!^(„+i)!] — S[u\,{v+2,v-l,...,iy ■ 'S'[(„_|_2,it-l,...,l),s;!] 

+ S[(u+2,u-l,...,l),(v+2,v-l,...,iy ■ S[u\,v\] = 0. (4.41) 

Proof. Consider a {u + v + 2) x [u + v + 2) matrix 

gi go •■■ ■■■000 

q2 \ qi 

93 q2 



M 



qv qv-i 



qv+i qv 

Pu Pu+1 



Pu~l Pu 



P2 P3 

Pi 



P2 







po Pi 



(4.42) 



23 



M 



Qv-l C[v-2 



Qv Qv-i 

Qv+2 Qv+l 

Pu+1 Pu+2 

Pu-1 Pu 



Pu-2 Pu-1 



po pi 



(4.43) 



so that D = detM = S[(^u+iy.,{v+iy.]{x,y)- Denote by D[ii,i2, . . . '■,ji,j2, ■ ■ ■] its minor deter- 
minant removing rows {ik} and columns {jk}- It is easy to see that 

D[l,v + l,v + 2,u + V + 2;l,2,u + V + l,u + V + 2] = S[(^u-iy.,{v-iy.]ix,y), 
D[l,v + 1; 1,2] = S[^u+iy,{v-iy.]ix,y), 

D[v + 2, u + V + 2; u + V + 1, u + V + 2] = 5'[(„_i)!,(t,+i)!] (x, y), 
D[l,v + 2;1,2] = D[v + l,u + V + 2;u + V + l,u + V + 2] = y). 

Applying Theorem 14.11 we have 

DD[l,v + l,v + 2,u + v + 2;l,2,u + v + l,u + v + 2] 

= D[l,v + l;l,2]D[v + 2,u + v + 2;u + v + l,u + v + 2] 
-D[l,v + 2]l,2]D[v + l,u + v + 2;u + v + l,u + v + 2], 

which coincides with ()4.40|) . 

Take a {u + v + 2) x [u + v) matrix 



(4.44) 



(4.45) 



then 

D[v,v + l]fD] = Si(^u+iy,{v-iy.]ix,y), + 2, + 3; 0] = S[(u-iy,{v+iy.]{x,y), 

D[v,v + 2;iD] = Siu\,(v+2,v-i,...,iy{x,y), D[v + l,v + 3;(1}] = S^u+2,u-i,...,i),v\]{x,y), (4.46) 

D[v,v + 3;iD] = 5'[(„+2,n-l,...,l),(^,+2,^,-l,...,l)](a;,l/), D[v + l,t; + 2;0] = S'[„!,„!](x, y). 

By the Plixcker relation, we have 

D[v,v + 1; (lS]D[v + 2,v + 3;(lS]-D[v,v + 2; (lS]D[v + 1, + 3; 0] 

+D[v, v + 3; (lS]D[v + 1, + 2; 0] = 0, (4.47) 

which coincides with 1)4.411) . ■ 
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